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Abstract

We describe a method to examine how residual stress affects the values of thin-film elastic moduli determined from surface acoustic wave

spectroscopy experiments. To illustrate our approach, we apply it to the case of an elastically isotropic thin film under equibiaxial stress. The

five test samples consisted of TiN films deposited on single-crystal Si substrate (film thickness 0.287–3.330 Am and assumed compressive

stress 0.5–5.4 GPa). With increasing thickness and decreasing stress, the effective second-order moduli C11 increased and C13 decreased.

The natural second-order elastic moduli c11 and c13 and the natural third-order elastic moduli c111, c112, and c123 in the unstressed state were

computed by fitting the model equations to the measured data. Our results show how surface acoustic wave measurements may be analyzed

to obtain additional information about the mechanical properties of thin films with residual stress.
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1. Introduction

Thin supported films can have significant residual

stresses, sometimes as large as several gigapascals [1].

These stresses typically arise due to the mismatch between

the thermal expansion coefficients or lattice constants of the

film and substrate [2]. Such stresses change the film’s

physical properties, thereby affecting its eventual perform-

ance or lifetime in manufactured products. Current exper-

imental techniques for measuring stress in thin films can be

basically divided into two broad categories: lattice strain

methods, including X-ray and neutron diffraction, and

physical surface curvature-based methods, including double
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crystal diffraction topography, profilometry, laser scanning

techniques, and optical interferometry. Each of these

techniques has its own limitations. For example, lattice

strain methods are limited to crystalline materials, laser

scanning techniques are less effective for surfaces with low

reflectivity or high roughness, and profilometry is typically

destructive [3]. In this paper, we describe our efforts to

develop an alternative, complementary method based on

surface acoustic wave methods.

Surface acoustic wave (SAW) spectroscopy has been

established as a non-contact, nondestructive technique for

measuring the elastic properties of thin films [4]. SAWs

are well suited to this task because their energy is

naturally concentrated near the surface and in the thin

film. Furthermore, SAWs are affected by residual stress.

This is because the SAW velocity is determined by the

second-order elastic moduli and density of the film and

substrate materials, and both the elastic moduli and

density are changed by the stress. The exact relationship

is generally very complicated, and typically a numerical

solution of the model equations is required. This so-called
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acoustoelastic effect is typically very small (only a

fraction of a percent change in velocity), but has been

successfully used to measure the residual stress in bulk

materials [5,6].

Acoustic determination of stress in thin-film systems

may also be possible, due to the combination of the high

precision of SAW measurements and the high values of

residual stress that can occur. Theoretical models have been

developed to describe the effect of stress on Love,

Rayleigh-type, and Sezawa modes [7,8]. In addition,

agreement has been obtained between theory and experi-

ment for the SAW dispersion of stressed silver films on a

crystalline silicon substrate [9]. As these papers demon-

strate, the effects of stress on the thin film can be computed

in terms of ‘‘effective’’ (stressed) second-order elastic

moduli and density if the second- and third-order elastic

moduli and density are known in the ‘‘natural’’ (unstressed)

state [10]. Unfortunately, for many new materials these

moduli may not be known for either the film or the bulk

state.

To address this problem, we present a method for

computing the natural second- and third-order elastic

moduli of a material from values of the effective second-

order elastic moduli measured from thin-film samples in

several known stressed states. It may then be possible to

use these natural moduli to acoustically determine the

residual stress in samples with unknown stress. To illustrate

our approach, we present results for a series of TiN films

deposited on a monocrystalline Si substrate. The films are

assumed to be elastically isotropic and to have equibiaxial

residual stress. Although the results presented here apply to

a specific set of samples, the methods we describe are

sufficiently general to be adapted to a wide range of thin-

film systems comprised of different film materials, thick-

nesses, and stress states.
2. Theory

Consider a system consisting of a single layer on a half-

space, as shown in Fig. 1. Let the Cartesian coordinates of a

particle in the natural (unstressed) state be denoted by a, in

the initial (pre-stressed) state by Xi, and in the current

(acoustic) state by xi [5].
x1

x

x

3

2

stressed film
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Fig. 1. Schematic diagram of thin-film system with coordinate axes.
2.1. Initial (pre-stressed) state of orthotropic film

Assume that a Cauchy pre-stress rij
0 exists in the layer,

but not the substrate. Also assume that the infinitesimal pre-

strain eij
0 is related to the pre-stress by

r0
ij ¼ cijkle

0
kl; ð1Þ

where cijkl are the natural second-order elastic moduli,

e0ij ¼
1

2

BU 0
i

Baj
þ

BU 0
j

Bai

! 
ð2Þ

is the infinitesimal strain tensor, and

U 0
i ¼ Xi � ai ð3Þ

is the displacement of the initial coordinates relative to the

natural coordinates. If the lateral pre-stress rij
0 in the layer is

biaxial and equal in both directions, then it follows that [7]

r0
11 ¼ r0

22 ¼ r; r0
33 ¼ r0

12 ¼ r0
23 ¼ r0

13 ¼ 0; ð4Þ

where the coordinate axes are chosen such that the x3 axis is

normal to the surface of the film (Fig. 1). Finally assume

that the medium under study has at least orthotropic

symmetry with the nine independent elastic moduli: c11,

c12, c13, c22, c23, c33, c44, c55, c66. Reduced-index Voigt

notation [11] is used for elastic moduli throughout this paper

except for equations where the repeated index (Einstein)

notation is employed. Solving Eq. (1) for the pre-strains

yields

e011 ¼
M22 �M12

M11M22 �M 2
12

r;

e022 ¼
M11 �M12

M11M22 �M 2
12

r;

e033 ¼ � c13

c33
e011 �

c23

c33
e022; ð5Þ

where M11 = c11�c13
2 / c33, M12 = c12�c13c23 / c33, and

M22=c22�c23
2 /c33. All other pre-strain components are

zero under these assumptions.

2.2. Current (acoustic) state of orthotropic film

The effective elastic moduli Cijkl evaluated in the current

state relative to the initial state are [10]

Cijkl ¼ cijkl 1� e0mm
� �

þ cijklmne
0
mn þ cmjkl

BU 0
i

Bxm

þ cimkl
BU 0

j

Bxm
þ cjiml

BU0
k

Bxm
þ cijkm

BU 0
l

Bxm
; ð6Þ

where cijkl and cijklmn are the natural second- and third-order

elastic moduli. (We have assumed that the acoustic wave

displacement is infinitesimal in nature so that the laboratory
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frame is essentially the initial frame.) In the case of only

axial stresses, Eq. (6) reduces to [7]

Cijkl ¼ cijkl 1� e011 � e022 � e033 þ e0ii þ e0jj þ e0kk þ e0ll

� �
þ cijkl11e

0
11 þ cijkl22e

0
22 þ cijkl33e

0
33;

ð7Þ

where there is no sum over repeated indices. In general,

orthotropic media have twenty independent third-order

elastic moduli: c111, c112, c113, c122, c123, c133, c144, c155,

c166, c222, c223, c233, c244, c255, c266, c333, c344, c355, c366,

c456. If the effective second-order elastic moduli and the

natural third-order elastic moduli are known, then Eq. (7)

are a system of nine equations with nine unknowns

(cijkl) that can be easily solved given the pre-strains.

However, often none or only a few of the natural third-

order elastic moduli have been determined for materials

of practical interest. (In some cases, not even all the

effective second-order elastic moduli are known.) Hence

the question remains as to what useful information can

be extracted from Eq. (7) given these kinds of realistic

constraints.

For ease of notation, let eii
0=ei (no sum over repeated

indices) and e =e1+e2+e3. Eq. (7) can be written out

explicitly as

C11 ¼ c11 1� eþ 4e1ð Þ þ c111e1 þ c112e2 þ c113e3;

C22 ¼ c22 1� eþ 4e2ð Þ þ c122e1 þ c222e2 þ c223e3;

C33 ¼ c33 1� eþ 4e3ð Þ þ c133e1 þ c233e2 þ c333e3;

C23 ¼ c23 1� eþ 2e2 þ 2e3ð Þ þ c123e1 þ c223e2 þ c233e3;

C13 ¼ c13 1� eþ 2e1 þ 2e3ð Þ þ c113e1 þ c123e2 þ c133e3;

C12 ¼ c12 1� eþ 2e1 þ 2e2ð Þ þ c112e1 þ c122e2 þ c123e3;

C44 ¼ c44 1� eþ 2e2 þ 2e3ð Þ þ c144e1 þ c244e2 þ c344e3;

C55 ¼ c55 1� eþ 2e1 þ 2e3ð Þ þ c155e1 þ c255e2 þ c355e3;

C66 ¼ c66 1� eþ 2e1 þ 2e2ð Þ þ c166e1 þ c266e2 þ c366e3:

ð8Þ

Nineteen of the twenty third-order elastic moduli appear in

Eq. (8).

2.3. Current (acoustic) state of isotropic film

Consider the limiting case of an isotropic material placed

under an equibiaxial stress. Isotropic materials have only

two independent second-order elastic moduli [12]:

c11=c22=c33 and c12=c13=c23, with the additional depend-

ent relations c44=c55=c66= (c11�c12) / 2. There are three
independent third-order elastic moduli [13]: c111=c222=

c333, c112=c113=c122=c133=c223=c233, c123, with the addi-

tional dependent relations c144=c255=c366= (c112�c123) / 2,

c155= c166= c244= c266=c344= c355= (c111�c112) / 4, c456=

(c111�3c112+2c123) / 8. With these conditions, Eq. (8)

reduce to

C11 ¼ c11 1þ 2e1 � e3ð Þ þ c111 þ c112ð Þe1 þ c112e3; ð9aÞ

C33 ¼ c11 1þ 2e1 � e3ð Þ þ 2c112e1 þ c111e3; ð9bÞ

C13 ¼ c12 1þ e3ð Þ þ c112 þ c123ð Þe1 þ c112e3; ð9cÞ

C12 ¼ c12 1þ e3ð Þ þ 2c112e1 þ c123e3; ð9dÞ

C44 ¼ c44 1þ e3ð Þ þ c144 þ c155ð Þe1 þ c155e3; ð9eÞ

where C 22 =C 11, C 23 =C 13, C 55 =C 44, and C 66 =

(C11�C12) / 2. These elastic constant relations correspond

to a material with hexagonal symmetry [12]. Thus,

deformation of an isotropic material by an in-plane

equibiaxial stress results in a material with hexagonal

symmetry properties.

2.4. Inversion method

Now we show how the relationships given above can be

used to obtain thin-film mechanical property information.

Suppose that the effective elastic moduli are known in

a =1, . . . , N samples of different pre-stresses r[a] and pre-

strains ei
[a] with e[a] =e1

[a] +e2
[a] +e3

[a] (the superscript 0 is

dropped here for notational simplicity). Assume that the

elastic moduli in each sample are the same in the unstressed

state. Let the effective second-order elastic moduli in Voigt

notation be given by C[a]
IJ =CIJ(r

[a]) for each sample. Then

for each sample, Eq. (7) implies that

C
a½ �
ijkl ¼ cijkl 1� e

a½ �
11 � e

a½ �
22 � e

a½ �
33 þ e

a½ �
ii þ e

a½ �
jj þ e

a½ �
kk þ e

a½ �
ll

� �
þ cijkl11e

a½ �
11 þ cijkl22e

a½ �
22 þ cijkl33e

a½ �
33:

ð10Þ

If enough samples are available with at least a few

measured values of Cijkl
[a]

available for each, then it may be

possible to solve for the values of the natural moduli cijkl
and cijklmn.

For a film that is isotropic in its natural state, there are

five unknown elastic moduli: c11, c12, c111, c112, and c123.

Suppose that the effective elastic moduli C11 and C13 are

measured for a set of samples (e.g., see Section 3). The

known effective moduli in each sample are related to the

unknown natural moduli by Eq. (10), simplified in the form

of Eq. (9a) and (9c):

C
a½ �
11 ¼ c11 1þ 2e

a½ �
1 � e

a½ �
3

� �
þ c111 þ c112ð Þe a½ �

1 þ c112e
a½ �
3 ;

ð11aÞ



Table 1

Comparison of measured and computed effective elastic moduli for TiN

films on crystalline Si

Sample no. r
(GPa)

dSAW
(nm)

Cmeas
11

(GPa)

Ccomp
11

(GPa)

Cmeas
13

(GPa)

Ccomp
13

(GPa)
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C
a½ �
13 ¼ c12 1þ e

a½ �
3

� �
þ c112 þ c123ð Þe a½ �

1 þ c112e
a½ �
3 : ð11bÞ

Eqs. (11a) and (11b) can be written out explicitly in matrix

form as

C
1½ �
11

C
2½ �
11

C
3½ �
11

C
4½ �
11

C
5½ �
11

C
1½ �
13

C
2½ �
13

C
3½ �
13

C
4½ �
13

C
5½ �
13

1
CCCCCCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBBBBBB@

¼

1þ 2e
1½ �
1 � e

1½ �
3 0 e

1½ �
1 e

1½ �
1 þ e

1½ �
3 0

1þ 2e
2½ �
1 � e

2½ �
3 0 e

2½ �
1 e

2½ �
1 þ e

2½ �
3 0

1þ 2e
3½ �
1 � e

3½ �
3 0 e

3½ �
1 e

3½ �
1 þ e

3½ �
3 0

1þ 2e
4½ �
1 � e

4½ �
3 0 e

4½ �
1 e

4½ �
1 þ e

4½ �
3 0

1þ 2e
5½ �
1 � e

5½ �
3 0 e

5½ �
1 e

5½ �
1 þ e

5½ �
3 0

0 1þ e
1½ �
3 0 e

1½ �
1 þ e

1½ �
3 e

1½ �
1

0 1þ e
2½ �
3 0 e

2½ �
1 þ e

2½ �
3 e

2½ �
1

0 1þ e
3½ �
3 0 e

3½ �
1 þ e

3½ �
3 e

3½ �
1

0 1þ e
4½ �
3 0 e

4½ �
1 þ e

4½ �
3 e

4½ �
1

0 1þ e
5½ �
3 0 e

5½ �
1 þ e

5½ �
3 e

5½ �
1

1
CCCCCCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBBBBBB@

c11
c12
c111
c112
c123

1
CCCCA

0
BBBB@ ;

ð12Þ

or more compactly as

C ¼ Ec: ð13Þ

Eq. (13) has the formal solution

c ¼ E�1C; ð14Þ

provided that det Em0 (nonsingular). E may be singular

because the values of C[a]
11 and C[a]

13 are not exactly known or

because there are not enough values of C[a]
11 and C[a]

13 to fully

determine the solution. Even if E is singular, it is still

possible to obtain an approximate solution in a least-squares

sense. It is always possible to decompose E via a singular-

value decomposition [14] into the form

E ¼ UWVT; ð15Þ

where U is a column-orthonormal matrix, W is a diagonal

matrix with positive or zero elements, and V is a row-

orthonormal matrix [14]. When E is singular, at least one of

the diagonal elements wi of W is zero. However, in these

cases it possible to show that [14]

c ¼ V diag wj¶
� �
 �

UTC ð16Þ

is the solution that minimizes |C�Ec|, where

wj¶ ¼
1=wj if wj m 0

0 if wj ¼ 0
:

�
ð17Þ

This latter technique may also be used if the system is

overdetermined. The next section shows how this procedure

can be followed in practice for an actual set of data.

5 0.5 3721T139 510T2 500 92T1 91

4 1.8 951T70 479T7 487 121T6 115

3 2.9 803T17 468T10 475 121T16 136

2 3.5 331T31 467T20 469 154T17 147

1 5.4 279T24 456T2 449 183T8 182

The measured residual stresses r, effective elastic moduli Cmeas
11 , Cmeas

13 , and

film thicknesses dSAW are taken from Ref. [15]. The samples are ordered in

the table with increasing stress but the sampling numbering has been

retained from the original paper for consistency. The computed effective

moduli Ccomp
11 , Ccomp

13 are derived by substituting the natural elastic moduli

c ij in Table 2 and residual stresses r into Eqs. (5) (9a) – (9e) for the TiN

film.
3. Application to titanium nitride films

To illustrate the method described above, we apply it to

SAW spectroscopy data for titanium nitride films on single-

crystalline silicon substrates reported by Hurley, Tewary,

and Richards [15]. In their experiments, they generated and

detected broadband SAWs by laser-ultrasonic methods.

Using Fourier transform techniques, they calculated the
SAW phase velocity as a function of frequency (dispersion

relation) for each sample. Because higher-frequency SAWs

penetrate less deeply into the film–substrate system than do

lower frequency SAWs, the properties of the film affect the

former more strongly than the latter. Hence the various

frequency components of the SAW pulses have different

phase velocities. By comparing the measured dispersion

relations to those predicted by an analytical model [16], they

determined values for the film elastic moduli for five

samples with increasing residual stress r and thickness d.

The properties of each sample are given in Table 1. The

compressive residual stress for each film was determined by

wafer bending methods. Under the assumption that the film

had hexagonal symmetry, they computed only the effective

elastic moduli C11 and C13. Values for the other second-

order elastic moduli (C12 =117 GPa, C33 =469 GPa,

C44=182 GPa) were taken as needed from the texture-

averaged values calculated by Pang et al. [17] based on the

single-crystal values from Perry [18].

To compute the pre-strains from the pre-stresses using Eq.

(5), it is necessary to know the values of the elastic moduli

c11 and c12. This situation is problematic because these

second-order elastic moduli are some of the quantities that

are being sought. To resolve this issue, we assumed as initial

guesses the calculated values (c11=473 GPa, c12=117 GPa)

given by Pang et al. [17]. When we substituted the data from

Table 1 into Eq. (13), we found that E is singular. Therefore

we applied the least-squares solution of Eq. (16) to obtain

values for the natural elastic moduli. Once the inversion of

Eq. (16) was performed, we substituted these new values of

the natural elastic moduli cij back into Eq. (5) and iterated

this procedure a few times until the computed values

converged. We found that the final solution was not very

sensitive to the choice of the initial guess.

Our final results are shown in Table 2. The second-order

elastic constants are in line with values reported in the

literature for cubic symmetry [17,19–21]. Note that the

third-order elastic moduli are not unique, as discussed

below. We determined the uncertainties for the natural
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Fig. 2. Effective second-order elastic moduli Cij as a function of the

compressive stress r. The lines show the values computed based upon

Eqs. (5) (9b) – (9e), and the natural second-order moduli in Table 2, while

the measured data from Ref. [15] in Table 1 are shown by the solid

circles. The natural moduli c ij occur at zero residual stress. For each

elastic modulus, the shaded band around each line indicates the estimated

error, computed from the experimental uncertainties for the effective

moduli in Table 1.
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moduli by solving Eq. (13) two additional times using the

upper and lower bounds of the measured effective moduli as

shown in Table 1. In other words, we used all the maximum

values of the measured effective moduli (Cmeas
11 +DCmeas

11 ,

Cmeas
13 +DCmeas

13 ) in the first case, and used all the minimum

values (Cmeas
11 �DCmeas

11 , Cmeas
13 �DCmeas

13 ) in the second case

to provide the estimates for the bounds for the natural

moduli.

Once we had determined the natural elastic moduli, we

then used these values and the residual stresses to evaluate

Eqs. (5) (9a) – (9e) for the expected effective moduli

Ccomp
11 and Ccomp

13 . Table 1 shows the quality of the fit for

the effective moduli at each stress level obtained with the

natural moduli in Table 2. The agreement is excellent

(within the measured uncertainty) for all the values of

Ccomp
13 and all except two of the values of Ccomp

11 . For those

two values, the agreement is very good, with differences of

less than 2%. In addition, the value for the natural c11 is

larger than any of the effective Cmeas
11 , which is consistent

with the trend for C11 to decrease with increasing residual

stress. Likewise, the value for the natural c13 is smaller than

any of the effective Cmeas
13 , which is consistent with the trend

for C13 to increase with increasing residual stress.

Fig. 2 shows the measured effective elastic moduli of

Table 1 along with the dependence of all the effective elastic

moduli on the residual stress as predicted by Eq. (9a) – (9e).

Observe that as rY0, the values of the effective C11 and

C33, C12 and C13, and C44 and C66 converge, as required for

an elastically isotropic material. The shaded regions around

each line in Fig. 2 indicate the estimated error for each

calculated line based on the experimental uncertainties. Note

that C44 and C66 are much less sensitive to the experimental

uncertainty in C11 and C13. In fact, the shaded regions are

almost too small to see.

It should be mentioned that the least squares solution

given by Eq. (16) for the third-order elastic moduli of Table

2 is not unique. Mathematically, the rank of the matrix E is

less than five and hence its nullspace has dimension one.

The reason for the lack of uniqueness is not entirely clear. It

is possible that it is caused by the relatively small number of

samples. The issue of uniqueness in the results of surface-

acoustic-wave inversion methods is discussed in more detail

in Ref. [22].

As this application shows, the model presented is useful in

cases where predictions of the second-elastic moduli of a film

are desired but third-order elastic moduli for the unstressed
Table 2

Natural elastic moduli computed from Eq. (13) for TiN film

Elastic modulus Value (GPa)

c11 505T7
c12 82T5

c111 5980T10

c112 �2000T500

c123 �9000T700

The third-order elastic moduli are not unique.
state are unavailable. It is important to be aware of possible

limitations of the approach based on its assumptions. First,

the films are assumed to have a homogeneous equibiaxial

stress state [Eq. (4)]. Based on previous studies, this

assumption appears to be a good approximation in TiN films

[23,24] and has also been used in other cases to perform

calculations of the acoustoelastic effect in Ge films on Si

[7,8,25]. Second, the films in this data set have different

thicknesses in addition to different residual stresses, and this

may have an effect on the film properties. For example, the

films may have a stress gradient that changes with thickness.

Finally, the plastic deformation that causes the residual

stresses may cause other changes to the films that are not

accounted for. We did not have a way to independently

determine the magnitude of these effects for the TiN films.

The method outlined above involves several assumptions

and thus may not be appropriate for some systems.

Nonetheless, it should be useful for systems with simple

initial stress distributions, film structure, and crystalline

symmetries. It may also be possible to use in conjunction

with systems where appropriate stresses may be applied to

make the equibiaxial stress assumption hold. For the given

case, this approach fits the data well and predicts the

behavior of the elastic moduli that were not measured.
4. Summary and conclusions

We have presented a general method for determining the

natural second-order elastic moduli cijkl and third-order
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elastic moduli cijklmn of a thin film deposited on a substrate

given the residual stress r and effective second-order

moduli Cijkl in the film. We applied this method to the case

of an elastically isotropic, biaxially-stressed TiN film

deposited on a crystalline Si substrate. The effective

second-order elastic moduli were taken from data previously

determined from surface acoustic wave spectroscopy. To

begin, an initial guess for the pre-strains in the film was

determined from the measured residual stress and literature

values for the second-order effective elastic moduli. Next,

Eqs. (5) and (16) were solved iteratively until the solutions

converged. To compute the quality of fit with the measured

data, the theoretical effective elastic constants Cijkl were

then calculated from Eqs. (5) (9a) – (9e) using the pre-

viously computed natural elastic constants cijkl and cijklmn.

The results in Fig. 2 showed that the method can fit the data

well. With decreasing thickness and increasing stress, the

effective second-order moduli C11, C44, and C66 decreased,

while C13, C33, and C12 increased.

As described and implemented here, this method has

some limitations. Additional theoretical and experimental

work is needed to further develop the basic method

presented. Nonetheless, we have demonstrated that by using

this approach, it is possible to evaluate the natural second-

and third-order elastic moduli from the effective second-

order elastic moduli measured using an acoustical technique

for a series of films in different residual stress states.
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