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Abstract— The propagation of small- and finite-
amplitude surface acoustic waves (SAWs) in stressed
thin-film systems is modeled. Results are presented
for an initially monofrequency, plane wave traveling in
the 〈100〉 direction of systems composed of either Ge
(loading) or diamond (stiffening) epitaxial films under
compressive stress on an unstressed (001) Si substrate.
Cases are considered for both thinner and thicker films
in terms of their ratios of dispersion to nonlinearity ra-
tios. For finite-amplitude waves, comparison between
unstressed and stressed films indicates that larger ef-
fects occur at longer propagation distances and for
higher harmonics.

I. INTRODUCTION AND MOTIVATION

The thin-film deposition process can create large
residual stresses that change the film’s effective me-
chanical properties and therefore its performance in a
product. Measurements of small-amplitude SAWs can
characterize stresses through the acoustoelastic effect
on the velocity dispersion. Finite-amplitude SAWs,
which nonlinearly generate harmonics as they propa-
gate, may be more sensitive to stress because the com-
bined effects of the nonlinearity and dispersion are cu-
mulative with distance. This study compares the rel-
ative magnitudes of calculated stress-induced changes
for small- and finite-amplitude SAWs.

II. THEORY

Assume that a small-amplitude, plane SAW is prop-
agating in the x1 direction. Its propagation in an in-
plane equibiaxially stressed, anisotropic thin-film sys-
tem is described by the linear equation [1], [2]
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where xi are Lagrangian coordinates (i = 1,2,3), t is
time, ui are the SAW particle displacement compo-
nents, and σres is the residual stress. The effective elas-

tic constants and density are given by
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dilatation due to residual strain, and Cijkl, Cijklmn, and
ρ are, respectively, the unstressed second- and third-
order elastic constants and density. A Green’s function
method [3] is used to compute the dispersion relations,
subject to the boundary conditions specified in [2].

Propagation of finite-amplitude SAWs of the form

vi(x1, x3, τ) =
∞∑

n=1

vn(x1)uni(x3)e−inωτ + c.c. (4)

in the same systems can be described by the coupled
spectral evolution equations [4], [5]

dvn

dx1
+ (αn + iδn)vn =

n2ω

2ρc4

∑
l+m=n

lm

|lm|Slmvlvm ,

(5)
where vi are the ith particle velocity components, uni

describe the depth dependence of the nth harmonic
component, vn are the nth harmonic components, αn

and δn are, respectively, the attenuation and dispersion
coefficients of vn, ω is the fundamental angular fre-
quency, and c is the SAW velocity. Slm is a nonlin-
earity matrix characterizing the coupling of the lth and
mth harmonic to generate the n(= l + m)th harmonic
and accounts for terms up to quadratic order in strain in
the constitutive equation. The only effect of the film is
to cause dispersion among the harmonics generated in
the substrate. This assumption is valid provided that
the film is thin compared to the wavelengths of the
dominant harmonics, so that the depth profiles of the
linearized solution are only negligibly perturbed [5].
All cases considered here satisfy this criterion.

A dimensionless parameter that characterizes the ra-
tio of dispersion to nonlinearity can be constructed [5]



in the form

D =
(dc/df)0f

βv
, (6)

where (dc/df)0 is the slope of the dispersion curve
at zero frequency, β = −4S11/ρc2 is the nonlinear-
ity coefficient [6], and f and v are the characteristic
frequency and particle velocity magnitude of the non-
linear SAW. Results are compared below for values of
D corresponding to different film thicknesses less than
100 nm. With thicker films, the assumption of har-
monic generation only in the substrate becomes harder
to satisfy. In addition, thicker films tend to have less
homogeneous and lower average residual stresses.

III. RESULTS

A monofrequency source is assumed with funda-
mental frequency f = 30 MHz and peak acoustic par-
ticle velocity v = 50 m/s (peak acoustic strain of 0.01),
values that are the same order of magnitude as those in
recent experiments [7]. With β = −0.12 for the chosen
cut and direction, these values result in a characteristic
length scale for nonlinear distortion of x0 = 20 mm [6].
The unstressed densities of Si, Ge, and diamond are
taken as 2329 kg/m3, 5323 kg/m3, and 3512 kg/m3, re-
spectively. Unstressed elastic constant data are taken
from [8], [9], [10].
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Figure 1: (a) Velocity and (b) fractional change in ve-
locity as a function of frequency for 20 nm and 100 nm
Ge films on Si (001) substrate along 〈001〉.

A. Ge films (loading)

Consider the case of Ge films loading a Si substrate
shown in Figs. 1, 2, and 3. The dispersion relations for
unstressed and stressed (σres = −5 GPa) films of thick-
nesses of 20 nm and 100 nm, are shown in Fig. 1(a).
As seen in Fig. 1(b), the fractional change in velocity
(c−cunstr)/cunstr due to stress is less than −0.4 % even
at the highest frequencies considered.
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Figure 2: (a) Harmonic magnitudes and (b) their frac-
tional change as a function of dimensionless propaga-
tion distance for 20 nm Ge film on Si (001) substrate
along 〈001〉 for moderate dispersion.
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Figure 3: (a) Harmonic magnitudes and (b) extrema
shifts as a function of dimensionless propagation dis-
tance for 100 nm Ge film on Si (001) substrate along
〈100〉 for strong dispersion.



For the 20 nm film, the slope of the dispersion curve
in Fig. 1(a) yields D = 0.26, a moderate ratio of
dispersion to nonlinearity [5]. Figures 2(a) and (b)
show the magnitudes |Vn| and the fractional change
(|Vn| − |V unstr

n |)/|V unstr
n |, respectively, of the first five

harmonic components Vn = vn/v0 as a function of the
dimensionless propagation distance X = x/x0. Ob-
serve that (1) the fractional change oscillates but gener-
ally increases in magnitude with propagation distance,
and (2) the higher harmonics exhibit a relatively larger
change than lower harmonics. Moreover, the fractional
changes are greater than the fractional change in the
SAW velocity shown in Fig. 1(b).

For the 100 nm film, D = 1.3, and the system ex-
hibits strongly dispersive behavior [5] characterized by
growth–decay cycles in the harmonic components seen
in Fig. 3(a) for the first three harmonics. Again the ef-
fect of the stress is cumulative with distance as shown
in Fig. 3(b) by the linear increase in the positions of
the extrema ∆Xextrema = |Xstr

extrema − Xunstr
extrema| (see

inset). Due to the higher dispersion, the harmonics ex-
perience a larger phase shift relative to each other and
thus less efficient nonlinear coupling. Nevertheless, the
fractional changes in the positions of the extrema in-
crease linearly with distance by 5 % for every nonlin-
ear length scale traversed. Like the 20 nm film, this
effect is significantly larger than the small change in
the fractional SAW velocity of Fig. 1(b).
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Figure 4: (a) Velocity and (b) fractional change in ve-
locity as a function of frequency for 5 and 20 nm dia-
mond films on Si (001) substrate along 〈100〉.

B. Diamond films (stiffening)

Next consider the case of diamond films stiffening a
Si substrate shown in Figs. 4, 5, and 6. Because the dif-
ference between the SAW velocity cSi = 4.90 km/s and
cdiamond = 11.0 km/s is more than the difference be-
tween cSi and cGe = 2.93 km/s, thinner diamond films
can achieve dispersion comparable to the Ge films in
Sec. III-A. This effect can be seen in Fig. 4, which
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Figure 5: (a) Harmonic magnitudes and (b) their frac-
tional change as a function of dimensionless propa-
gation distance for 5 nm C film on Si (001) substrate
along 〈100〉 for moderate dispersion.
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Figure 6: (a) Harmonic magnitudes and (b) extrema
shifts as a function of dimensionless propagation dis-
tance for 20 nm C film on Si (001) substrate along
〈100〉 direction for strong dispersion.



shows the dispersion curves for unstressed and stressed
(σres = −5 GPa) films of thicknesses of 5 nm and
20 nm. Fig. 4(b) shows that the fractional velocity
changes are considerably less as compared to Ge for
the same amount of stress.

For the 5 nm film, D = 0.23 implies a moderate ratio
of dispersion to nonlinearity. The evolution of the har-
monics in Fig. 5 is qualitatively similar to evolution in
the 20 nm Ge film in Fig. 2, but the fractional changes
are less. This is partly due to the thinner film, which re-
sults in the SAW interacting less with stressed material.
Despite the small values of ∆c/c in this case, there is
still significant fractional change in the harmonic mag-
nitudes.

For the 20 nm film, D = 0.92 implies strong dis-
persion and the growth–decay cycles in the harmonic
components seen in Fig. 6. The resulting evolution is
qualitatively similar to that for the 100 nm Ge film, al-
though the magnitude of the extrema shift in Fig. 6(b)
is less than in Fig 3(b).

IV. CONCLUSION

The propagation of initially monofrequency SAWs
of small and finite amplitude is modeled in systems of
residually stressed thin films with moderate and strong
ratios of dispersion to nonlinearity . Even though the
velocity dispersion between stressed and unstressed
films in the Ge and diamond systems is only a frac-
tion of a percent, the evolution of the harmonics is still
affected significantly. The stress changes the magni-
tudes of the harmonics and the spatial period of the
growth–decay cycles. Relatively larger changes occur
at longer propagation distance and for the higher har-
monics. Thinner diamond films give rise to dispersion
of magnitude comparable to that of thicker Ge films,
but the stress affects the dispersion less in the diamond
films. The qualitative evolution of harmonics is simi-
lar in both materials. In summary, the evolution of the
harmonic components of finite-amplitude SAWs can be
quite sensitive to stress-induced dispersion, and may
thus be a promising method for acoustically character-
izing the residual stress of thin-film systems.
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